Abstract. We prove that certain basic hypergeometric series truncated at k = n − 1 have the factor Φ n (q) 2 , where Φ n (q) is the n-th cyclotomic polynomial. This confirms two recent conjectures of the author and Zudilin. We also put forward some conjectures on q-congruences modulo Φ n (q) 2 .
Introduction
Rodriguez-Villegas [9] discovered numerically some remarkable supercongruences on truncated hypergeometric series related to a Calabi-Yau manifold. The simplest supercongruence of Rodriguez-Villegas is: for any odd prime p, It has caught the interests of many authors (see [2, 5, 7, [10] [11] [12] [13] ). For example, Guo and Zeng [5] proved a q-analogue of (1.1):
2 ) for any odd prime p.
(1.2)
Here and in what follows, (a; q) n = (1 − a)(1 − aq) · · · (1 − aq n−1 ) is the q-shifted factorial, and [n] = 1 + q + · · · + q n−1 is the q-integer. The q-congruence (1.2) has been further generalized by Guo, Pan, and Zhang [4] , Ni and Pan [8] , and Guo [3] . A slight generalization of (1.2) can be stated as follows (see [3, 8] ): (mod Φ n (q) 2 ) for positive odd n, where Φ n (q) is the n-th cyclotomic polynomial in q.
Recently, the author and Zudilin [6, Conjecture 5.3] conjectured that, for d 3 and
They [6, Conjecture 5.4 ] also conjectured that, for n, d 2 and n ≡ 1 (mod d),
In this paper, we shall confirm the above two conjectures. It turns out that much more is true and we shall prove the following unified generalization of (1.3) and (1.4). Theorem 1.1. Let d 2 be an integer. Let r d−2 be an integer such that gcd(r, d) = 1. Then, for all positive integers n with n ≡ −r (mod d) and n d − r, we have
It is clear that if d 3 and r = 1, then the congruence (1.5) reduces to (1.3), while if d 2 and r = −1, then the congruence (1.5) leads to (1.4).
For d = 2 and r = −1, we have the following stronger result and conjecture. Theorem 1.2. Let n > 1 be a positive odd integer. Then We shall also give some similar results, such as Theorem 1.4. Let n > 1 be a positive integer. Then
We shall prove Theorems 1.1 and 1.4 by using the creative microscoping method developed by the author and Zudilin [6] . That is to say, to prove a q-supercongruence modulo Φ n (q) 2 , it is more convenient to establish its generalization with an additional parameter a so that the generalized congruence holds modulo (1 − aq n )(a − q n ). The difference here is that we shall add the parameter a in quite a different way for the proof of Theorem 1.1. The proof of Theorem 1.2 is based on Theorem 1.1 and borrows some idea from [6] for proving congruences modulo [n]. We shall give more similar congruences modulo Φ n (q) 2 in Section 5 and propose some related open problems in the last section.
Proof of Theorem 1.1
We first establish the following parametric generalization of Theorem 1.1.
Theorem 2.1. Let d, r, n be given as in the conditions of Theorem 1.1. Then, modulo
if d is odd, and
Proof. Since gcd(r, d) = 1 and n ≡ −r (mod d), we have gcd(d, n) = 1 and so the numbers d, 2d, . . . (n − 1)d are all not divisible by n. This means that the denominators of the left-hand sides of (2.1) and (2.2) do not contain the factor 1 − aq n nor 1 − a −1 q n . Hence, for a = q −n or a = q n , the left-hand side of (2.1) can be written as
where we have used the fact that (q
, and by the conditions there holds 0
be the q-binomial coefficient. It is easy to see that 6) . . .
and
. . .
Noticing that the right-hand sides of (2.5)-(2.11) are all polynomials in q dk of degree (n + r − d)/d, and
we can write (2.3) as
where
Recall that the finite form of the q-binomial theorem (see, for example, [1, p. 36]) can be written as
Letting z = q −j and replacing k with n − k in the above equation, we obtain
This immediately implies that (2.3) = (2.12) = 0. Namely, the congruence (2.1) holds. Along the same lines, we can prove the congruence (2.2). ✷ Proof of Theorem 1.1. Note that Φ n (q) is a factor of 1 − q m if and only if n divides m. It follows that the limits of the denominators of (2.1) and (2.2) as a → 1 are relatively prime to Φ n (q), since n is coprime with d. On the other hand, the limit of (1 − aq n )(a − q n ) as a → 1 has the factor Φ n (q) 2 . Thus, the congruence (1.5) follows from the limiting case a → 1 of (2.1) and (2.2). ✷
Proof of Theorem 1.2
Letting d = 2 and r = −1 in (1.5), we see that, for odd n > 1,
because (q −1 ; q 2 ) k ≡ 0 (mod Φ n (q)) for (n + 1)/2 < k n − 1. We now let ζ = 1 be an n-th root of unity, not necessarily primitive. In other words, ζ is a primitive root of unity of odd degree d | n. If c q (k) denotes the k-th term on the left-hand side of (3.1), i.e.,
The congruences (3.1) and (3.2) with n = d imply that
Observe that
We get
which mean that the sums n−1 k=0 c q (k) and
c q (k) are both divisible by the cyclotomic polynomial Φ d (q). As this is true for arbitrary divisor d > 1 of n, we conclude that these two sums are both divisible by d|n, d>1
Namely, the congruences (3.1) and (3.2) are also true modulo [n]. The proof then follows from gcd([n], Φ n (q)
2 ) = [n]Φ n (q). ✷
Proof of Theorem 1.4
The proof is similar to that of Theorem 1.1. We first prove the following result.
The r = 1 and d = 6 case of (2.4) gives
) .
Moreover, we have
It follows that
) (q 4n+6k+6 ; q 6 ) (n−5)/6 (q 6−4n+6k ; q 6 ) (2n−1)/3
(q 4n+6 ; q 6 ) (n−5)/6 (q 6−4n ; q 6 ) (2n−1)/3 .
(4.2)
Since (q 4n+6k+6 ; q 6 ) (n−5)/6 (q 6−4n+6k ; q 6 ) (2n−1)/3 is a polynomial in q 6k of degree (5n−7)/6 < (5n − 1)/6, by the identity (2.13), we see that the right-hand side of (4.2) vanishes. This proves that the left-hand side of (4.1) is equal to 0 for a = q −n or a = q n . That is, the congruence (4.1) holds. Finally, letting a → 1 in (4.1), we are led to (1.8) .
Similarly we can prove (1.9). Here we merely give its parametric generalization:
(a 4 q 6 , q 6 /a 4 , q 6 ; q 6 ) k ≡ 0 (mod (1 − aq n )(a − q n )) if n ≡ 1 (mod 6).
More congruences modulo
It seems that there are many more similar congruences modulo Φ n (q) 2 . Here we give some such results.
Theorem 5.1. Let n be a positive integer. Then
Proof. The proof is similar to that of Theorem 1.4. Here we just give the parametric generalizations of these congruences. Modulo (1 − aq n )(a − q n ), for r = 1, 2, 4, we have
(aq 9 , q 9 /a, q 9 ; q 9 ) k ≡ 0 if n ≡ 2r (mod 9),
(a 8 q r , q r /a 8 , q 9−2r ; q 9 ) k q 9k (a 7 q 9 , q 9 /a 7 , q 9 ; q 9 ) k ≡ 0 if n ≡ −r (mod 9). (q −m ; q 3m ) k (q r ; q 3m ) k (q −2m−r ; q 3m ) k q 3mk (q 3m ; q 3m ) 3 k ≡ 0 (mod Φ n (q) 2 ).
Letting d = 3, r = 1 and q → q m in Theorem 1.1, and noticing that Φ n (q) is a factor of Φ n (q m ) for gcd(m, n) = 1, we see that Conjectures 6.3 and 6.4 are true for r = m and r = −m, respectively.
